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sick percentage by age among families with at least 1 sick person, without 1st sick person
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Household infection models and fitting to data

1 Model I: assuming no secondary infection

We first make the assumption that, in each household, all the infected members were infected by
the index case (the first case, who was infected from the outside), with no secondary infections
within the household. We then obtain a simple model that can be used to estimate the important
parameters. We assume that in a household with an adult index case, the probability that a
child will be infected is p,, and the probability that an adult will be infected is p,,. Similarly in
a household with a child index case, the probability that a child will be infected is p, and the
probability that an adult will be infected is ps.. In this simple model, in a household with N,
adults and N, children and an adult index case, the number of children infected in a household
will be binomially distributed with n = N, p = p.q, and the number of adults infected (excluding
the index case) will be binomially distributed with n = N, — 1 and p = paq, and similarly for a
household with a child index case.

The parameters are easily estimated as the ratio of the number of individuals infected to the
number of individuals at risk. pu. (peq) is estimated as the ratio of the number of adults (children)
infected in households with a child (adult) index case to the total number of adults (children) in
such households. For cutoff age 10 (i.e. individuals og age 10 and higher are considered adults),
we obtain (with Clopper-Pearson binomial confidence intervals):

Pac = 13/29 = 0.448 (0.264,0.643), pea = 135/698 = 0.193 (0.165, 0.225),
and pee (Pae) is estimated as the ratio of the number of adults (children) infected in households
with an adult (child) index case, excluding the index case, to the total number of adults (children)

in such households. We obtain:

Paa = 637/1520 = 0.419 (0.394,0.444), pec = 4/20 = 0.2 (0.057,0.437)

Assuming the cutoff is at age 20 (i.e. individuals of age 20 and higher are considered adults)
the estimates are:

Pec = 99/273 = 0.363 (0.305,0.423), p.q = 302/1149 = 0.263 (0.238,0.289)
Pac = 63/136 = 0.463 (0.377,0.551), paq = 321/703 = 0.457 (0.419, 0.494)

1
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2 Model II: a household outbreak

We now remove the assumption that the index case is the only infector in the household, so that
we need to consider a houshold outbreak.

Assume a household has N, adults and N, children, N = N, + N.. The dynamic model we
use for describing an outbreak in a household is a stochastic age-of-infection model, similar to the
chain-binomial models traditionally used for household outbreaks ([1], ch. 14, [2], ch. 10), but
somewhat more realistic in taking into account the generation-time distribution. The model is
described below.

Sa(t), Se(t) denote the number of adults and children who are susceptible on day ¢.
iq(t),1.(t) denote the number of adults and children who become infected on day t.

P; (1 < 7 < T) denotes the generation-time distribution - it is fixed, estimated based on
previous data.

Bij (i,j = a,c) are transmission cofficients from individuals of type j to individuals of type i.
These parameters will be fitted.

The dynamics is described by

~ Bin ( Z P [?aala == ‘Bar‘ic(t = T)]) ’

~ Bin ( ZP [Beata(t — T) + Becic(t — T)]>

Sa(t+1) ia(t), So(t+1) = S.(t) —i.(t).

The initial conditions are:

and, if the index case is an adult,
i.(0) =1, i.(0)=0

Sa(0) = Na— 1, S.(0) = N,

while if the index case is a child:
1.(0) =0, i.(0) =1

Sa(0) = N4y S.(0) = N, — 1.
The household outbreak ends at time t* if

io(t) =i (t) =0, t*—T <t<t*—1.

The total number of infected among adults and children in the household is

To= Ny —8:(t"); To=Ne—S:(t").
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3 Computing likelihood and fitting the model

Assume that we have information on a set of households. For each household we have the data:
(g, Neyind, I, 1)

N,, N, are the number of adults and children in the household, ind = a, ¢ indicates whether the
index case is an adult or a child. I,, I, are the number of adults and of children who were infected.

A household of type (Ng, Ne,ind) consists of N, adults and N, children, with an index case
of type ind (adult or child). We will now look at the data for households of type (Na, N, ind)
and compute a log-likelihood LLy, n.ind(3), where 8 = (Baa; Bacs Beas Bec). The log-likelihood
corresponding to the entire data set will be the sum of the log-likelihoods corresponding to each
household type:

LL (3) = Z LLNﬂ ,Ne ,ind(ﬂ)~

Na,Ne,ind

The log-likelihood LLy, N, ina(3) is computed by a simulation approach, since we cannot com-
pute it analytically (our approach is thus what is known as ‘simulated maximum likelihood’). We
first run S (e.g. S = 1000) realizations of the simulation of the household outbreak model for a
household of type (Ng, N, ind), with the given values for 3. We generate a table of P(1,, I.) - the
fraction of the simulations in which I, adults and I, children were infected. This is our estimate
of the probability of the outcome (I, 1) in a household of the above type.

Assuming the households of type (N,, V., ind) in our data are indexed by j, with the outcome
for household j given by (1,(j), I.(j)), the log-likelihood of this outcome is:

LLi\’a,J\"c‘ind(b)) = log (H P(Ia(j)w [C(J))> S ZlOgP(Iﬂ(j). IC(J))
J J

If we have M household types, computing LL(/3) for each value of 3 will require M-S simulations
of the household model.

To estimate the parameters 5 we maximize LL(3) over the parameters 3.

4 Special structure of the g matrix - susceptibility and
infectivity of children relative to adults

Under the assumption that adults and children differ in suscpetibility to being infected and in
degree of infectivity, we can write
3{10 = ‘Ba,a )

ﬂm = .Baa e

,BCC — ﬁaﬂ o o 0

3
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where 7 is the susceptibility of children relative to that of adults, and d is the infectivity of children
relative to that of adults.

While it is possible to estimate the parameters (3,4,7,d by fitting the enire data set, we use an
alternative approach which is computationally less demanding. We first estimate 3, by fitting the
model only to households consisting only of adults. Then, fixing B4, we estimate 3, by fitting the
model to the set of households which have children. In both stages we use the maximum-likelihood
method described above.

5 Model fitting results

5.1 The data

Our data set contains information about 562 families. Data used includes age composition of
families, ages of individuals who were tested positive and negative, and age of the index case.

To fit the model we must decide on a cutoff age between ‘children’ and ‘adults’. We fit the
model several times, with different cutoff ages.

5.2 Parameter estimates

As described above, the parameter 3,4, is estimated based on families containing only adults. Since
the definition of ‘adult’ varies according to the cutoff, this also leads to variations in the value
of B4.. Figure 1 shows the graph of the negative of the log-likelihood as a function of 3,,. The
maximum likelihood estimate is given by the minimizer of this function.

The parameters of greatest interest are the relative susceptibility v and the relative infectivity
0. Figure 2 shows the level sets of the negative log-likelihood as a function of the parameters 7, d.
The maximum likelihood estimates for 7, d is given by the minimizer of this function.

6 Testing goodness of fit and comparing models

After fitting both models to the available data, we evaluate the goodness of fit. We do this
by comparing aggregate outcomes of the fitted models to those in the data as follows: for each
household size, we computed the distribution of the number of infected cases in a household
according to the models, and compared them to the corresponding distributions obtained from
the households in our data. These comparisons displayed in figure 3 (left). Visual inspection
of fig 3 left, where the fits of the two models are presented, suggests that when there are not
enough houesholds of a certian size in the data (< 40), the histograms are noisy and therefore it is
difficult to compare the models fits. When the number of families (per family type) is larger than
40, it seems that Model II better fits the data. In addition, the right part of figure 3 displays the
Bhattacharyya distance, measuring the similarity of the distributions obtained from the model

4
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Figure 1: Graphs of the negative log-likelihood function for estimating 3., based on households
without children, where the cutoff age is 10 (left), 20 (right). Red line is 3 units above minimal
value in the graph, used to obtain confidence intervals.
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Figure 3: Comparison of distribution of the number of infected cases in households of different
sizes in the data to that obtained from the two fitted models, for cutoff age 20 between children
and adults.

to those obtained from the data. Here we see somewhat better fit of Model II - however, this
requires further research and statistical validation.
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